The non-relativistic version of the non commutative Field Theory, recently introduced by Lozano, Moreno and Schaposnik [1] , is shown to admit the "exotic" Galilean symmetry found before for point particles.
Introduction
It has been known for some time that the planar Galilei group admits a two-parameter central extension [2, 3, 4, 5, 6] . The only physical examples with such an "exotic" Galilean symmetry known so far are the scalar model in [5, 7] equivalent to non-commutative quantum mechanics (NCQM) [8] and used in the context of the Hall Effect [7] , and the acceleration-dependent system in [6] .
Here we first revisit NCQM, viewed as a classical field theory. Then we turn to noncommutative field theory (NCFT) [9] . In these theories, which have attracted a considerable amount of recent attention, the ordinary product is replaced by the Moyal "star" product associated with the posited non-commutative structure of the plane. In [1] Lozano et al. present in particular a non-relativistic version of NCFT. Below we point out that the latter theory admits an "exotic" Galilean symmetry analogous to that of a point particle [7] .
NC Quantum Mechanics
Let us consider a free scalar particle in the non-commutative plane, given by the standard hamiltonian h = p 2 /2m and the fundamental commutation relations [3, 4, 5] 
where θ is the non-commutative parameter. As shown in Ref. [7] , the "exotic" [meaning twofold centrally extended] Galilei group is a symmetry for the system with associated conserved quantities p, h, m, k = −m 2 θ, augmented with the modified angular momentum and Galilean boosts,
where s represents the anyonic spin. The commutation relations of this algebra w. r. t. the "exotic" Poisson bracket (2.1) coincide with those of the ordinary, singly-extended Galilei group except for the boosts, whose bracket yields the second, "exotic parameter"
Owing to the non-commutativity of the coordinates, the system has no position representation. We represent therefore the wave functions by square-integrable functions of the momentum, φ( p). The representation of the "exotic" Galilei group is given as [3, 4, 5, 7 ]
where a is an element of the "exotic" Galilei group with e representing a time translation, c a space translation, b the boosts, R a rotation with angle ϕ; u and v represent the translations along the central directions.
The infinitesimal action of (2.4) yields the quantum operators. The momentum operator is standard, p i is multiplication by p i ; the energy isĥ = p 2 2m . For the other "exotic" Galilei generators we get
while m and k = −m 2 θ act trivially. The particle satisfies the usual free Schrödinger equation in the momentum space,
The point is that QM can be also viewed as a classical field theory. Eq. (2.6) derives indeed from the Lagrangian
The theory given by (2.7) is manifestly invariant w. r. t. the "exotic" Galilei group, implemented as in (2.4). Then Noether's theorem allows us to derive the associated conserved quantities : if L changes as δL = ∂ α K α under an infinitesimal coordinate change δ x, then
These quantities are the expectation values of the operators listed in (2.5) when the wave function is normalized to 1. Consistently with our previous results, these conserved quantities, with the exception of the boosts, are standard. The free Schrödinger equation (2.6) is of the Hamiltonian form, ∂ t φ = φ, H with the standard Poisson bracket
Then the quantities (2.8) are readily seen to close under (2.9) into the exotic Galilean relations. In particular, 
Exotic symmetry of Moyal field theory
Much recent work has been dedicated to non-commutative field theory [9] , where the ordinary product is replaced by the Moyal "star" product associated with the non-commutative parameter
associated with the non-commutative parameter θ. Lozano et al. [1] , consider, in particular, a field theory inspired by ordinary, non-relativistic quantum mechanics. We show now that such a field theory admits the "exotic" Galilean symmetry studied above. Let us indeed consider the free non-commutative field theory with the non-local Lagrangian
2)
The Galilean invariance of this theory is obvious from the outset since the Moyal product can be ignored under integration, f ⋆ g d 2 x = f g d 2 x. (Alternatively, let us observe that the equation of motion associated with (3.2) is, despite the presence of the star product in (3.2) , simply the free Schrödinger equation). It is nonetheless useful to check the statement explicitly, because the difference with the ordinary case changes to the associated conserved quantities. In fact, implementing a boost in the standard way, namely as ψ → U b ψ,
taken at ( x ′ = x − bt, t), where we used the shorthand e (±) = exp[±im(
In the commutative theory, this would be simply [
In the noncommutative case, however, the Moyal product with the exponential factors results in an additional shift of the argument,
where ǫ = (ǫ ij ) is the totally antisymmetric matrix. The NC Lagrangian (3.2) changes according
Boosting is hence equivalent to a "twisted shift", so that the action
as expected. The shift yields, however, an additional term in the associated conserved quantity. The definition (3.1), together with Baker' formula [10] , 6) allow us to establish the relation
Then for the conserved quantity associated with the boost we find
where
is the conserved momentum, associated with the translational symmetry. Note that
owing to the presence of the coordinate x i .
Similarly, the energy, associated to the time translation, is H = 1 2m ∇ψ ⋆ ∇ψd
A rotation by ϕ in the plane is implemented on the field according to U ϕ ψ(x) = e isϕ ψ(R x) where R = R ϕ = e iǫϕ . This leaves the free Lagrangian invariant and, using
we get the angular momentum involving both the exotic and the spin terms,
Note that the new term due to the non-commutativity here is separately conserved, since it is proportional to the energy.
Note that while H, P, M = m |ψ| 2 d 2 x have the standard form, the boost, G, the angular momentum, J , and the "exotic" central generator K = −m 2 θ |ψ| 2 d 2 x involve the noncommutative paremeter θ. These quantities, analogous to those found for a classical particle in the non-commutative plane discussed in 2, span under the Poisson bracket,
the "exotic" Galilei group. Bracketing the boosts yields in particular once again the "exotic" relation (2.10).
Discussion
For NCQM in the momentum space, Section 2, both the field-theoretical action (2.7) and the Poisson bracket, (2.9) are conventional, and the only difference with an ordinary ("non-exotic") particle is the way boost acts on the wave function, represented by the exponential factor exp[im(θ/2) b× p] in Eq. (2.4). This is unlike as for a classical particle, where the exotic structure appears in the Poisson bracket, (2.1), while the Galilei group acts in the usual way. Remember, however, that the exotic structure could be made disappear by redefining the position, namely introducing the "Darboux" variables q i = x i + 1 2 θε ij p j canonically conjugate to the p i . In terms of the q i and the p i we would recover the standard structure of an ordinary particle -but one upon which the Galilei group acts in a non-standard way.
In NCFT considered in Section 3 instead, the action (3.2) involves the non-commutative parameter θ through the Moyal star product, while the boosts act conventionally, cf. (3.3). The action uses hence a non-local "alternative Lagrangian" for the free Schrödinger equation. It is precisely this modification that opens the way for the "exotic" Galilean symmetry.
